Let S be a finite subset of a compact connected Riemann surface X of genus g ≥ 2. Let M lc (n, d) denote the moduli space of pairs (E, D), where E is a holomorphic vector bundle over X and D is a logarithmic connection on E singular over S, with fixed residues in the centre of gl(n, C), where n and d are mutually corpime. Let L denote a fixed line bundle with a logarithmic connection D L singular over S. Let M ′ lc (n, d) and M lc (n, L) be the moduli spaces parametrising all pairs (E, D) such that underlying vector bundle E is stable and ( n E,D) ∼ = (L, D L ) respectively. Let M ′ lc (n, L) ⊂ M lc (n, L) be the Zariski open dense subset such that the underlying vector bundle is stable. We show that there is a natural compactification of M ′ lc (n, d) and M ′ lc (n, L) and compute their Picard groups. We also show that M ′ lc (n, L) and hence M lc (n, L) do not have any nonconstant algebraic functions but they admit non-constant holomorhic functions. We also study the Picard group and algebraic functions on the moduli space of logarithmic connections singular over S, with arbitrary residues.
Introduction
Let X be a compact Riemann surface. Fix a finite subset S = {x 1 , . . . , x m } of X such that x i = x j for all i = j. Let E be a holomorphic vector bundle over X of rank n ≥ 1 and degree d, where n and d are mutually coprime. For each j = 1, . . . , m, fix λ j ∈ Q such that nλ j ∈ Z. We consider the pair (E, D), where D is a logarithmic connection in E singular over S with residues Res(D, x j ) = λ j 1 E(x j ) . For the construction of the moduli space of logarithmic connections see [10] . In [5] , the moduli space of rank n logarithmic connections singular exactly over one point has been considered and several properties, like algebraic functions, compactification and computation of Picard group have been studied. Also, the moduli space of rank one logarithmic connections singular over finitely many points with fixed residues has been considered in [15] , and it is proved that it has a natural symplectic structure and there is no non-constant algebraic functions on it.
In the present article, our aim is to study the algebraic functions and Picard group for the moduli space of rank n logarithmic connections singular over S with fixed residues and hence, we end up generalising several results in [5] .
So, let us consider the moduli space M lc (n, d) of logarithmic connection (E, D) singular over S with fixed residues Res(D, x j ) = λ j 1 E(x j ) for all j = 1, . . . , m, and M ′ lc (n, d) ⊂ M lc (n, d) be the moduli space of logarithmic connection whose underlying vector bundle is stable. We show that there is a natural compactification of the moduli space M ′ lc (n, d). More precisely, we prove the following (see Theorem (4.3)) Theorem 1.1. There exists an algebraic vector bundle π : Ξ → U(n, d) such that M ′ lc (n, d) is embedded in P(Ξ) with P(Ξ) \ M ′ lc (n, d) as the hyperplane at infinity. Assume that genus(X) = g ≥ 2. Let U(n, d) denote the moduli space of all stable vector bundles over X. Then we have natural homomorphism p : M ′ lc (n, d) → U(n, d), sending (E, D) to E. The morphism p induces a homomorphism p * : P ic(U(n, d)) → P ic(M ′ lc (n, d)) (1.1)
of Picard groups, that sends a line bundle ξ over U(n, d) to a line bundle p * ξ over M ′ lc (n, d). we show the following (see Theorem 4.4) Theorem 1.2. The homomorphism p * : P ic(U(n, d)) → P ic(M ′ lc (n, d)) is an isomorphism of groups. Now, fix a holomorphic line bundle L over X of degree d, and fix a logarithmic connection D L on L singular over S with residues Res(D L , x j ) = nλ j for all j = 1, . . . , m. Let M lc (n, L) ⊂ M lc (n, d) be the moduli space parametrising isomorphism class of pairs (E, D) such that ( n E,D) ∼ = (L, D L ), whereD is the logarithmic connection on n E induced by D. Let M ′ lc (n, L) = M lc (n, L) ∩ M ′ lc (n, d) and U L (n, d) ⊂ U(n, d) be the moduli space of stable vector bundles with n E ∼ = L. Similarly, we have a natural morphism p 0 : M ′ lc (n, L) → U L (n, d) of varieties, which induces a homomorphism of Picard groups, and we have Proposition 1.3. The homomorphism p * 0 : P ic(U L (n, d)) → P ic(M ′ lc (n, L)) defined by ξ → p * 0 ξ is an isomorphism of groups. Since P ic(U L (n, d)) ∼ = Z (see [13] ). Let Θ be the ample generator of the group P ic(U L (n, d)). Then we have Atiyah exact sequence (see [1] ) associated the line bundle Θ over U L (n, d),
where At(Θ) is called Atiyah algebra of holomorphic line bundle Θ. Let C(Θ) ⊂ At(Θ) * be the fibre bundle over U L (n, d) such that for every U ⊂ U L (n, d) a holomorphic section of C(Θ)| U gives a holomorphic splitting of above Atiyah exact sequence (1.2). Then the two Ω 1 U L (n,d) -torsors C(Θ) and M ′ lc (n, L) on U L (n, d) are isomorphic. Finally, we show that there is no non-constant algebraic function on M ′ lc (n, L), by showing the following (see Theorem 5.7) Theorem 1.4. Assume that genus(X) ≥ 3. Then
is dense open subset of M lc (n, L). Therefore, M lc (n, L) does not have any non-constant algebraic function.
In the last section(6), we consider the moduli spaces N lc (n, d) and N ′ lc (n, d) of logarithmic connections with arbitrary residues and show the similar results as Theorem (1.1) and Theorem (1.2), See Theorem (6.1) and Theorem (6.2). Consider the moduli spaces N lc (n, L) and N ′ lc (n, L) of logarithmic connections singular over S with arbitrary residues in the centre of gl(n, C), and let
by (E, D) → (tr(Res(D, x 1 ))/n, . . . , tr(Res(D, x m ))/n). Then we show the following [see Theorem(6.5)] Theorem 1.5. Any algebraic function on N ′ lc (n, L) factor through the surjective map Φ : N ′ lc (n, L) → V as defined in (1.4). We also show the similar result for N lc (n, L), see Theorem (6.6).
Preliminaries
Let X be a compact connected Riemann surface of genus g ≥ 2, and S = {x 1 , . . . , x m } be a finite subset consisting of distinct points of X. The set S will be fixed throughout this article. We denote by S = x 1 + · · · + x m the reduced effective divisor on X associated to the finite set S. Let Ω 1 X (log S) denote the sheaf of logarithmic differential 1-forms along S, see [14] . Notion of logarithmic connection was introduced by P. Deligne in [8] . We recall the definition of logarithmic connection in a holomorphic vector bundle E over X singular over S and residue of the logarithmic connection on the points of S.
Logarithmic connection and residues
Let E be a holomorphic vector bundle on X of rank n ≥ 1. We will denote the fibre of E over any point x ∈ X by E(x).
A logarithmic connection on E singular over S is a C-linear map
which satisfies the Leibniz identity
where f is a local section of O X and s is a local section of E. Let D be a logarithmic connection in E singular over S. For any x β ∈ S, the fiber Ω 1 X ⊗ O X (S)(x β ) is canonically identified with C by sending a meromorphic form to its residue at x β .
Let v ∈ E(x β ) be any vector in the fiber of E over x β . Let U be an open set around x β and s : U → E be a holomorphic section of E over U such that s(x β ) = v. Consider the following composition
where the equality is given because of the identification Ω 1
Let t be a uniformiser at x β on U, and suppose that σ ∈ Γ(U, E) such that σ(x β ) = 0. Then σ = tσ ′ for some σ ′ ∈ Γ(U, E). Now,
and D(σ)(x β ) = 0. Thus, we have a well defined endomorphism, denoted by
that sends v to D(s)(x β ). This endomorphism Res(D, x β ) is called the residue of the logarithmic connection D at the point x β ∈ S (see [8] for the details). If D is a logarithmic connection in E singular over S and θ ∈ H 0 (X, Ω 1 X ⊗End(E)), then D + θ is also a logarithmic connection in E, singular over S. Also, we have
Conversely, if D and D ′ are two logarithmic connections on E singular over S with
. Thus, the space of all logarithmic connections D ′ on a given holomorphic vector bundle E singular over S, and satisfying (2.5) with D fixed, is an affine space for H 0 (X, Ω 1 X ⊗ End(E)). For each i = 1, . . . , m, fix λ i ∈ Q such that nλ i ∈ Z, where n is the rank of the vector bundle E. By a pair (E, D) over X, we mean that (1) E is a holomorphic vector bundle of degree d and rank n over X.
(2) D is a logarithmic connection in E singular over S with residues Res(D, x i ) = λ i 1 E(x i ) for all i = 1, . . . , m. Then from [12] , Theorem 3, we have
Proof. Follows from the definition of residues.
A logarithmic connection D in a holomorphic vector bundle E is called irreducible if F is a holomorphic subbundle of E with D(F ) ⊂ Ω 1 X (log S)⊗F , then either F = E or F = 0. Proposition 2.2. Let (E, D) be a logarithmic connection on X. Suppose that n and d are mutually coprime. Then D is irreducible.
, and from [12] Theorem 3, we have
From (2.6) and (2.7), we get that µ(F ) = µ(E). Since F is a subbundle of E, if rank of F is less than rank of E, we get that n|d, which is a contradiction. Thus F = E.
The moduli space of logarithmic connection with fixed residues
We say two pairs (E, D) and (E ′ , D ′ ) of rank n and degree d are isomorphic if there exists an isomorphism Φ : E → E ′ such that the following diagram
commutes. Let M lc (n, d) denote the moduli space which parametrizes the isomorphic class of pairs (E, D). Then M lc (n, d) is a separated quasi-projective scheme over C [see [10] , Theorem 3.5].
Henceforth, we will assume following conditions (1) d and n are mutually coprime.
(2) for each i = 1, . . . , m, λ i ∈ Q such that nλ i ∈ Z.
(3) d, n, λ 1 , ..., λ m satisfies following relation
Let us denote M ′ lc (n, d) the subset of M lc (n, d) whose underlying vector bundle is stable. Then from [11] 
Fix a holomorphic line bundle L on X of degree d. Fix a logarithmic connection D L on L singular over S with residues Res(D L , x i ) = nλ i , for every i = 1, . . . , m. Let M lc (n, L) denote the moduli space parametrising all pairs (E, D) such that (1) E is a holomorphic vector bundle of rank n over X with n E ∼ = L.
(2) D is a logarithmic connection on E singular over S with Res(D, x i ) = λ i 1 E(x i ) , for every i = 1, . . . , m.
(3) the logarithmic connection on n E induced by D coincides with the given logarithmic connection D L on L.
and D L 0 the logarithmic connection defined by the de Rham differential, then D L 0 is singular over S with residues Res(D L 0 , x i ) = nλ i for all i = 1, . . . , m. For this pair (L 0 , D L 0 ) we denote the moduli spaces M lc (n, L) and M ′ lc (n, L) by M lc (n, L 0 ) and M ′ lc (n, L 0 ) respectively.
Biholomorphic class of the moduli space
We assume that genus(X) ≥ 2.
where 1 corresponds to the anticlockwise loop around x j . We have a natural group homomorphism [8] , p.79, Proposition 3.11). Let R g ⊂ Hom(π 1 (X 0 , x 0 ), SL(n, C))denote the space of those representations ρ : π 1 (X 0 , x 0 ) → SL(n, C) such that ρ(γ j ) = exp(−2π √ −1λ j )I n×n for all j = 1, . . . , m, where I n×n denotes the n × n identity matrix. Since the logarithmic connection D is irreducible, any representation in R g is irreducible. Consider the action of SL(n, C) on R g by conjugation, that is, for any T ∈ SL(n, C) and ρ ∈ R g the action is defined by ρ.T = T −1 ρT . Let B g = R g /SL(n, C) be the quotient space for the conjugation action. The algebraic structure of R g induces an algebraic structure on B g . In literature, B g is known as Betti moduli space (for instance see [16] , [17] ) and it is irreducible smooth quasi-projective variety over C. Thus, we have a holomorphic map Φ :
3) sending (E, D) to the equivalence class of its monodromy representaion under the conjugation action of SL(n, C).
For the inverse map of Φ, let ρ ∈ B g . Let (E ρ , ∇ ρ ) be the flat holomorphic vector bundle over X 0 associated to ρ. Then E ρ over X 0 extends to a holomorphic vector bundle E ρ over X, and the connection ∇ ρ on E ρ extends to a connection ∇ ρ such that [3] , p.159, Theorem 4.4]. Thus, Φ is a biholomorphism.
The Picard group of moduli space of logarithmic connections
Let U(n, d) denote the moduli space of stable vector bundles over X of rank n and degree d. U(n, d) is irreducible smooth complex projective variety of dimension n 2 (g − 1) + 1, See [13] .
be the canonical projection map defined by sending (E, D) to E. Actually, p is forgetful map which forgets its logarithmic structure. Let E ∈ U(n, d). Then E is indecomposable. Since d, n satisfy equation (3.2), from [4] , Proposition(1.2), E admits a logarithmic connection D (say) singular over S, with residues Res(D,
Thus, the pair (E, D) is in the moduli space M ′ lc (n, d), and hence p is surjective.
Torsors
We recall the definition of torsors and will show that the map p :
where Ω 1 U (n,d) denotes the holomorphic cotangent bundle over U(n, d).
Let M be a connected complex manifold. Let π : V → M, be a holomorphic vector bundle.
A V-torsor on M is a holomorphic fiber bundle p : Z → M, and holomorphic map from the fiber product Proof. Let E ∈ U(n, d). d) is an affine space for H 0 (X, Ω 1 X ⊗ End(E)) and the fiber of the cotangent bundle π :
This action on the fibre is faithful and transitive. This action will induce a holomorphic map on the fibre product
which satisfies above conditions in the definition of the torsor. 
Let π : Ξ → U(n, d) be an algebraic vector bundle such that for every Zariski open subset U of U(n, d), a section of Ξ over U is an algebraic function f : p −1 (U) → C whose restriction to each fiber p −1 (E), is an element of p −1 (E) ∨ . Thus, a fiber
, which is nothing but the evaluation map. Now, the kernel Ker(Φ (E,D) ) defines a hyperplane in p −1 (E) ∨ denoted by H (E,D) . Let P(Ξ) be a projective bundle defined by hyperplanes in the fiber p −1 (E) ∨ , that is, we haveπ : of Picard groups, that sends a line bundle ξ over U(n, d) to a line bundle p * ξ over M ′ lc (n, d). The techniques used in the proof of the following theorem is adopted from the proof of the Theorem 3.1 in [5] .
Theorem 4.4. The homomorphism p * : P ic(U(n, d)) → P ic(M ′ lc (n, d)) is an isomorphism of groups.
Proof. First we show that p * in (4.3) is injective. Let ξ → U(n, d) be a line bundle such that p * ξ is a trivial line bundle over M ′ lc (n, d). Giving a trivialization of p * ξ is equivalent to giving a nowhere vanishing section of p * ξ over M ′ lc (n, d). Fix s ∈ H 0 (M ′ lc (n, d), p * ξ) a nowhere vanishing section. Take any point E ∈ U(n, d). Then,
is a nowhere vanishing map. Notice that p −1 (E) ∼ = C N and ξ(E) ∼ = C, where N = n 2 (g − 1) + 1. Now, any nowhere vanishing algebraic function on an affine space C N is a constant function, that is, s| p −1 (E) is a constant function and hence corresponds to a non-zero vector α E ∈ ξ(E). Since s is constant on each fiber of p, the trivialization s of p * ξ descends to a trivialization of the line bundle ξ over U(n, d), and hence giving a nowhere vanishing section of ξ over U(n, d). Thus, ξ is a trivial line bundle over U(n, d). The surjectivity of p * follows from the Theorem (4.3) and the fact that P ic(P(Ξ)) ∼ =π * P ic(U(n, d)) ⊕ ZO P(Ξ) (1).
Algebraic functions on the moduli space
Let L be a fixed holomorphic line bundle on X and M lc (n, L) and M ′ lc (n, L) be the moduli spaces as defined in section (3) .
Let U L (n, d) be the moduli space parametrising all the stable holomorphic vector bundle E on X such that n E ∼ = L.
Let
be the projection defined by sending (E, D) to E.
Let Ω 1 U L (n,d) denote the holomorphic cotangent bundle on U L (n, d). Then, we have following proposition. at E is isomorphic to H 0 (X, Ω 1 X ⊗ ad(E)), where ad(E) ⊂ End(E) is the subbundle consists of endomorphism of E whose trace is zero. Also, p −1 0 (E) is an affine space modelled over H 0 (X, Ω 1 X ⊗ ad(E)). Thus, there is a natural action of Ω 1
to ω + D, which is faithful and transitive. Let Θ be the ample generator of the group P ic(U L (n, d)). We have symbol exact sequence for the holomorphic line bundle Θ given as follows,
where Diff 1 (Θ, Θ) denotes the sheaf of first order holomorphic differential operator from Θ to itself, and T U L (n, d) is the holomorphic tangent bundle over U L (n, d).
Since Θ is a holomorphic line bundle, symbol exact sequence (5.
3) becomes what is known as Atiyah exact sequence
where At(Θ) is called Atiyah algebra of holomorphic line bundle Θ, and in this case it is equal to Diff 1 (Θ, Θ), for more details see [1] , [6] . Dualising the above Atiyah exact sequence (5.4), we get following exact sequence, Proof. From the Proposition (4.1), isomorphism class of Ω 1 U L (n,d) -torsors over U L (n, d) is given by a cohomology class in H 1 (U L (n, d), Ω 1 U L (n,d) ). Let α, β ∈ H 1 (U L (n, d), Ω 1 U L (n,d) ) be the cohomology class corresponding to C(Θ) and M ′ lc (n, L) respectively. Since the dim C (H 1 (U L (n, d) , Ω 1 U L (n,d) )) = 1, there exists c ∈ C such that β = c α. Thus, C(Θ) and M ′ lc (n, L) are isomorphic as a fibre bundle over U L (n, d) . Now, to complete the proof, it is sufficient to show that α = 0 and β = 0. Θ being an ample line bundle, its first Chern class c 1 (Θ) = 0 and α = c 1 (Θ). From [7] , Theorem 2.11, we conclude that β = 0.
Let α j ∈ Q, for j = 1, . . . , m, such that nα j ∈ Z and d + n m j=1 α j = 0. Fix a holomorphic line bundle L of degree d, and fix a logarithmic connection D ′ L on L singular over S with residues Res(D ′ L , x j ) = nα j for j = 1, . . . , m. Let V lc (n, L) denote the moduli space parametrising all pairs (E, D) such that (1) E is a holomorphic vector bundle of rank n over X with n E ∼ = L.
(2) D is a logarithmic connection on E singular over S with Res(D, x i ) = α i 1 E(x i ) , for every i = 1, . . . , m.
(3) the logarithmic connection on n E induced by D coincides with the given logarithmic connection D ′ L on L. Let V ′ lc (n, L) denote the subset of V lc (n, L) whose underlying vector bundle is stable. From Proposition (5.4), we have Corollary 5.5. There is an isomorphism between M ′ lc (n, L) and V ′ lc (n, L). Proof. From above Proposition (5.4) both the varieties are isomorphic to C(Θ).
Corollary 5.6. M lc (n, L) and V lc (n, L) are birationally equivalent.
Proof. Since M lc (n, L) and V lc (n, L) being irreducible quasi-projective varieties over C, and M ′ lc (n, L) and V ′ lc (n, L) are dense open subset of M lc (n, L) and V lc (n, L), respectively. From Corollary (5.5), we are done.
We will show that M ′ lc (n, L) does not admit any algebraic function. In view of Proposition (5.4), it is enough to show that C(Θ) does not have any non constant algebraic function. Since, (5.17) , it is enough to prove that the boundary operator δ ′ k is injective for all k ≥ 1, which is equivalent to showing that the boundary operator
is injective for every k ≥ 1. Now, we will describe δ k using the first Chern class c 1 (Θ) ∈ H 1 (U L (n, d), T * U L (n, d)) of the ample line bundle Θ over U L (n, d) .The cup product with kc 1 (Θ) gives rise to a homomorphism
Also, we have a canonical homomorphism of vector bundles
which induces a morphism of C-vector spaces d) ). (5.22) So, we get a morphism µ = β * • µ : H 0 (U L (n, d), S k T U L (n, d)) → H 1 (U L (n, d), S k−1 T U L (n, d)).
(5.23) Thenμ = δ k . It is sufficient to show thatμ is injective. Moreover, we have natural projection
Now, we use Hitchin fibration to compute H j (T * U L (n, d), O T * U L (n,d) ). Let
be the Hitchin map defined by sending a pair (E, φ) to n i=1 trace(φ i ). Notice that the base of the Hithcin map h in (5.27) is a vector space over C of dimension n 2 (g − 1) + 1.
Let b ∈ B n . Then h −1 (b) = A \ F , where A is some abelian variety and F is a subvariety of A with codim(F, A) ≥ 3 (for more details see [2] , [9] ), and we will be using this fact showing thatμ is injective.
Let g : T * U L (n, d) → C be an algebaric function. Then its restriction From (5.26 ) and (5.28), we have
which is an isomorphism. Let T h = T T * U L (n,d)/Bn = Ker(dh) be the relative tangent sheaf on T * U L (n, d), where dh : T (T * U L (n, d)) → h * T B n morphism of bundles.
Note that H 0 (B n , Ω 1 Bn ) ⊂ H 0 (T * U L (n, d), T h ), and hence from (5.29), we have an injective homomorphism ν : B = ⊕ k≥0 θ(H 0 (U L (n, d), S k T U L (n, d))) → H 0 (T * U L (n, d), T h ).
(5.30)
Consider the morphism H 0 (T * U L (n, d), T h ) → H 1 (T * U L (n, d), T h ⊗ T * T * U L (n, d)) defined by taking cup product with the first Chern class c 1 (η * Θ) ∈ H 1 (T * U L (n, d), T * T * U L (n, d) ).
Using the pairing T h ⊗ T * T * U L (n, d) → O T * U L (n,d) , we get a homomorphism ψ : H 0 (T * U L (n, d), T h ) → H 1 (T * U L (n, d), O T * U L (n,d) ) (5.31)
The Moduli space of logarithmic connection with arbitrary residues
Let X be a compact Riemann surface of genus(g) ≥ 3 and S = {x 1 , . . . , x m } be a subset of distinct points of X as in section (2) . By a pair (E, D) over X, we mean that (1) E is a holomorphic vector bundle over X of degree d and rank n.
(2) n and d are mutually coprime.
(3) D is a logarithmic connection in E singular over S. We call such a pair (E, D) logarithmic connection on X singular over S. Now, given such a pair (E, D) from [12] , Theorem 3, we have d + m j=1 tr(Res(D, x j )) = 0, (6.1)
where Res(D, x j ) ∈ End(E(x j )), for all j = 1, . . . , m. Let N lc (n, d) be the moduli space which parametrises isomorphism class of pairs (E, D). Then N lc (n, d) is a separated quasi-projective scheme over C (see [10] ). Let N ′ lc (n, d) be a subset of N lc (n, d), whose underlying vector bundle is stable. Let (E, D) and (E, D ′ ) be two points in N ′ lc (n, d).
Next, for θ ∈ H 0 (X, End(E) ⊗ Ω 1 X (log S)), we have (E, D + θ) ∈ N ′ lc (n, d). Notice the difference between the affine spaces when residue is fixed and otherwise. Thus, the space of all logarithmic connections D on a given stable vector bundle E singular over S, is an affine space modelled over H 0 (X, End(E) ⊗ Ω 1 X (log S)). Let q : N ′ lc (n, d) → U(n, d) (6.3)
be the natural projection defined by sending (E, D) to E. Given E ∈ U(n, d). Choose a set of complex numbers α 1 , . . . , α m which satisfies the following equation
Since E is stable, from [4] , Proposition(1.2), E admits a logarithmic connection D singular over S. Thus, q is a surjective map, and dimension of each fibre q −1 (E) is n 2 (g − 1 + m). We have following result very similar to the Theorem (4.3).
Theorem 6.1. There exists an algebraic vector bundleπ :Ξ → U(n, d) such that N ′ lc (n, d) is embedded in P(Ξ) with P(Ξ) \ N ′ lc (n, d) as the hyperplane at infinity. Proof. Proof is very similar to the proof of Theorem (4.3).
Next, the morphism q defined in (6.2) induces a homomorphism q * : P ic(U(n, d)) → P ic(N ′ lc (n, d)) (6.5)
of Picard groups, that sends line bundle η over U(n, d) to a line bundle q * η over N ′ lc (n, d) as described in subsection (4.2). Again, we record a result here similar to the Theorem (4.4). Theorem 6.2. The homomorphism q * : P ic(U(n, d)) → P ic(N ′ lc (n, d)) is an isomorphism of groups.
Proof. cf. Theorem (4.4). Now, fix a pair (L, D L ), where L is a holomorphic vector bundle of degree d and D L is a fixed logarithmic connections on L singular over S. Let N lc (n, L) denote the moduli space parametrising all pairs (E, D) such that (1) E is a holomorphic vector bundle over X of rank n and degree d with n E ∼ = L, and n and d are mutually coprime. (2) D is a logarithmic connection in E singular over S with Res(D, x j ) ∈ Z(gl(n, C)), and tr(Res(D, x j )) ∈ Z, where Z(gl(n, C)) denotes the centre of gl(n, C). (3) the logarithmic connection on n E induced by D coincides with the given logarithmic connection D L on L.
Then, Lemma (2.1) holds for such a pair (E, D), and by Proposition (2.2), (E, D) is irreducible. Let N ′ lc (n, L) be the subset of N lc (n, L) whose underlying vector bundle is stable. Let q 0 : N ′ lc (n, L) → U L (n, d) (6.6) be the natural projection sending (E, D) to E. Then, we have following results similar to Proposition (5.2) and Proposition (5.3). Proposition 6.3. There exists an algebraic vector bundle π :Ξ ′ → U L (n, d) such that N ′ lc (n, L) is embedded in P(Ξ ′ ) with P(Ξ ′ ) \ N ′ lc (n, L) as the hyperplane at infinity. Proposition 6.4. The homomorphism q * 0 : P ic(U L (n, d)) → P ic(N ′ lc (n, L)) defined by ξ → q * 0 ξ is an isomorphism of groups. Note that q 0 : N ′ lc (n, L) → U L (n, d) is not a Ω 1 U L (n,d) -torsor, and therefore we cannot apply same technique as in previous section (5) by (E, D) → (tr(Res(D, x 1 ))/n, . . . , tr(Res(D, x m ))/n). Theorem 6.5. Any algebraic function on N ′ lc (n, L) factor through the surjective map Φ : N ′ lc (n, L) → V as defined in (6.7). Proof. Let (α 1 , . . . , α m ) ∈ V . Then Φ −1 ((α 1 , . . . , α m )) is the moduli space of logarithmic connections with fixed residues α j 1 E(x j ) , which is isomorphic to M ′ lc (n, L) follows from Corollary (5.5). Let g : N ′ lc (n, d) → C be an algebraic function. Then g restricted to each fibre of Φ is an algebraic function on the moduli space isomorphic to M ′ lc (n, L). Now, from Theorem (5.7) g, is constant on each fibre and thus defining a function from V → C. This completes the proof.
Similarly, we define a map Ψ : N lc (n, L) → V (6.8)
by (E, D) → (tr(Res(D, x 1 ))/n, . . . , tr(Res(D, x m ))/n). We have following Theorem 6.6. Any algebraic function on N lc (n, L) factor through the surjective map Ψ : N lc (n, L) → V as defined in (6.8).
Proof. Let g : N lc (n, L) → C be an algebraic function. Then restriction of g to each fibre of Ψ is a constant function, follows from Corollary (5.8) , and hence defining a function from V → C.
